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Abstract. Let / : AT — > y be a surjective and projective morphism of smooth quasi- 
projective varieties over an algebraically closed field of characteristic zero with dim / = 1. 
Let E he a, vector bundle of rank r on X. In this paper, we would like to show that if 
Xy is smooth and Ey is semistable for some y £ Y, then /, {2rc2{E) — {r — l)ci(£')^) is 
weakly positive at y. We apply this result to obtain the following description of the cone 
\ of weakly positive Q-Cartier divisors on the moduli space of stable curves. Let Mg (resp. 

Mg) be the moduli space of stable (resp. smooth) curves of genus g > 2. Let A be the 
Hodge class and Si's {i — 0,... ,[5/2]) the boundary classes. Then, a Q-Cartier divisor 
' a;A + X)l=o ' Ui^i ■^g weakly positive over Mg if and only ii x > 0, gx + {8g + 4)j/o > 0, 

^ ' and i{g - i)x + {2g + l)y^ > for aU 1 < i < [g/2]. 
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Introduction 



Throughout this paper, we fix an algebraically closed field k. 

Let / : X ^ y be a surjective and projective morphism of quasi-projective varieties over k 
O . with dim f = 1. Let Ehe n. vector bundle of rank r on X. Then, we define the discriminant 
divisor of E with respect to / : X — > F to be 

m disx/y(^) = /* {{2rc2{E) - (r - l)cr{Ef) n [X]) . 

> 



Here is the push-forward of cycles, so that disx/y(-E') is a divisor modulo linear equivalence 
on Y . In this paper, we would like to show the following theorem (cf. Corollary p.5|) and 

^ ■ give its applications. 
H ' 

Theorem A (char(A;) = 0). We assume that Y is smooth over k. Let y he a point ofY and 
K{y) the algebraic closure of the residue field K,{y) at y. If f is fiat over y, the geometric 
fiber Xy = X Xy Spec over y is reduced and Gorenstein, and E is semistable on 

each connected component of the normalization of Xy, then disx/y(-E') is weakly positive at 
y, namely, for any ample divisors A on Y and any positive integers n, there is a positive 
integer m such that 

H\Y,OY{m{ndisx/Y{E) + A))) ® Oy ^ Oy(m(n disx/y(^) + A)) 

is surjective at y. Note that this theorem still holds in positive characteristic under the strong 
semistability of Ey {cf. Corollary |7.4|) . 
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An interesting point of the above theorem is that even if the weak positivity of disx/y(-E') 
at ?/ is a global property on Y, it can be derived from the local assumption "the goodness of 
Xy and the semistability of Ey" . This gives a great advantage to our applications. 

In order to understand the intuition underlying the theorem, let us consider a toy case. 
Namely, we suppose that f : X ^ Y is a smooth surface fibred over a curve and the 
fiber is general. Bogomolov's instability theorem [|I| says that if Ey is semistable, then the 
codimension two cycle 2rc2{E) — (r — l)ci{E)'^ has non-negative degree. So if we push it 
down to a codimension one cycle on Y, then one can rephrase Bogomolov's theorem as saying 
that the semistability of Ey implies the non-negativity of disx/y (-£/)• 

An immediate application of our inequality is a solution concerning the positivity of divi- 
sors on the moduli space of stable curves. Let (7 > 2 be an integer, and Aig (resp. Aig) the 
moduli space of stable (resp. smooth) curves of genus g over k. The boundary ^Ag \ M.g is 
of codimension one and has [g/l] + 1 irreducible components, say, Aq, Ai, . . . , A[g/2]- The 
geometrical meaning of indexes is as follows. A general point of Aq represents an irreducible 
stable curve with one node, and a general point of Aj {i > 0) represents a stable curve con- 
sisting of a curve of genus i and a curve of genus g — i joined at one point. Let 6i be the class 
of Ai in Pic(Mg) (g) Q (strictly speaking, 6i = ci(C»(Ai)) for i ^ 1, and 61 = ici(C(Ai))), 



and A the Hodge class on A4g. A fundamental problem due to Mumford ^Tj is to decide 
which Q-divisor 

aX - boSo - bi6i &[(;/2]5[g/2] 

is positive, where a, 60? • • • ? ^[9/2] are rational numbers. Here, we can use a lot of types of 
positivity, namely, ampleness, numerical effectivity, effectivity, pseudo-effectivity, and so on. 
Besides them, we would like to introduce a new sort of positivity for our purposes. Let V be 
a projective variety over k and U a non-empty Zariski open set of V. A Q-Cartier divisor 
D on 1/ is said to be numerically effective over U if {D ■ C) > for all irreducible curves C 
on V with C n U ^ 0. A first general result in this direction was found by Cornalba-Harris 



0, Xiao and Bost [g]. They proved that the Q-divisor 

{8g + 4)X-g{6o + 6i + --- + 6ig/2]) 
is numerically effective over Aig. As we observed in and [T^, it is not sharp in coefficients 



of 6i {i > 0). Actually, the existence of a certain refinement of the above result was predicted 
at the end of the paper . Our solution for this problem is the following (cf. Theorem p.2| 
and Proposition p 



Theorem B (char (A;) = 0). The divisor 

[9/2] 

(Sg + 4:)\ - gSo -J^Aiig - i)5i 

i=l 

is weakly positive over M.g, i.e., if we denote the above divisor by D, then for any ample 
Q-Cartier divisors A on M.g, there is a positive integer n such that n{D + A) is a Cartier 
divisor and 

H'iMg, Oj^^{n{D + A))) ® O^^ ^ Oj;^^{n{D + A)) 
is surjective on Aig. In particular, it is pseudo- effective, and numerically effective over Aig. 
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As an application of this theorem, we can decide the cone of weakly positive divisors over 
Mg (cf. Corollary 13). 

Theorem C (char(/c) = 0). // we denote by WP{Mg; Mg) the cone in Fic{Mg) ® Q con- 
sisting of weakly positive 



-Cartier divisors over Aig, then 



WP{Mg;M, 



X 



i=0 



x>0, 

gx + {8g + 4)yo > 0, 

tig-i)x+i2g + l)y,>0 il<t<[g/2]). 



Moreover, using Theorem P, we can deduce a certain kind of inequality on an algebraic 
surface. In order to give an exact statement, we will introduce types of nodes of semistable 
curves. Let Z be a semistable curve over k, and P a node of Z. We can assign a number i 
to the node P in the following way. Let Lp : Zp —>■ Z he the partial normalization of Z at 
P. If Zp is connected, then i = 0. Otherwise, i is the minimum of arithmetic genera of two 
connected components of Zp. We say the node P of Z is of type i. 

Let X be a smooth projective surface over k, Y a smooth projective curve over k, and 
f : X ^ Y a semistable curve of genus g > 2 over Y. By abuse of notation, we denote 
by 6i{X/Y) the number of nodes of type i in all singular fibers of /. Actually, 6i{X/Y) = 
deg(7r*((5j)), where vr : F — > A4g is the morphism induced hj f : X ^ Y. Then, we have the 
following (cf. Corollary p.3|) . 



Theorem D (char(fc) = 0). With notation being as above, we have the inequality 

[9/2] 

{8g + 4) deg(/,(cux/y)) > g6o{X/Y) + - ^M^/Y). 



i=l 



As an arithmetic application of Theorem 0, we can show the following answer for effective 
Bogomolov's conjecture over function fields (cf. Theorem p.2| ). (Recently, Bogomolov's 
conjecture over number fields was solved by Ullmo but effective Bogomolov's conjecture 
is still open.) 

Theorem E (char (A;) = 0). We assume that f is not smooth and every singular fiber of f 
is a tree of stable components, i.e., every node of type on the stable model of each singular 
fiber is a singularity of an irreducible component, then effective Bogomolov's conjecture holds 
for the generic fiber of f . Namely, let K be the function field of Y , C the generic fiber of 
f, Jac(C) the Jacobian of C, and let j : C{K) — > Jac{C){K) be the morphism given by 
j{x) = {2g — 2)x — ujc- Then, the set {x G C{K) \ \\j{x) — P\\nt < is finite for any 
P G Jac{C){K) and any non-negative real numbers r less than 



\ 



(9 - 

9(29+1) 



( 



\ 



, L2j 

-5o(x/r) + 5^4z(^7-z)5.(x/r) 



V 



1=1 



where || Hatt is the semi-norm arising from the Neron-Tate height paring on Jac{C){K) . 

Finally, we would like to express our hearty thanks to Institut des Hautes Etudes Scien- 
tifiques where all works of this paper had been done, and to Prof. Bost who pointed out a 
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fatal error of the previous version of it. We are also grateful to referees for their wonderful 
suggestions. 



1. Elementary properties of semi-ampleness and weak positivity 

In this section, we will introduce two kinds of positivity of divisors, namely semi-ampleness 
and weak positivity, and investigate their elementary properties. 

Let X be a rf- dimensional algebraic variety over k. Let Za_i{X) be a free abelian group 
generated by integral subvarieties of dimension d — 1, and Div(X) a group consisting of 
Cartier divisors on X. We denote Zd-i{X) (resp. Div(X)) modulo linear equivalence by 
Ad-i{X) (resp. Pic(X)). An element of Zd-i{X)^Q (resp. Div(X)(g)Q) is called a Q-divisor 
(resp. Q-Cartier divisor) on X. 

We say a Q-Cartier divisor D is the limit of a sequence {-Dm}m=i of Q- Cartier divisors 
in Pic(X) (g) Q, denoted hj D = lim Dm in Pic(X) (g) Q, if there are Q-Cartier divisors 

m— >oo 

Zi, . . . , Zi and infinite sequences {ai,m}m=i5 • • • ^{(^i,m}m=i of rational numbers such that 
(1) / does not depend on m, (2) D = Dm + Yl\=i '^i,mZi in Pic(X) ® Q for all m > 1, and (3) 
lim ai^m = for alH = 1, . . . ,1. For example, a pseudo-effective Q-Cartier divisor is the 

limit of effective Q-Cartier divisors in Pic(X) (g) Q. 

Let X be a point of X. A Q-Cartier divisor D on X is said to be semi-ample at x if there 
is a positive integer n such that nD G Div(X) and H^{X,Ox{nD)) ® Ox — > Ox{nD) is 
surjective at x. Further, according to Viehweg, D is said to be weakly positive at x if there 
is an infinite sequence {Dm}m=i of Q-Cartier divisors on X such that Dm is semi-ample 
at X for all m > 1 and D = lim D^ in Pic(X) C?) Q. It is easy to see that if D is weakly 

m— >oo 

positive at x, then {D ■ C) > for any complete irreducible curves C passing through x. As 
compared with the last property, weak positivity has an advantage that we can avoid bad 
subvarieties of codimension two (cf. Proposition |1.4|). 



In order to consider properties of semi-ample or weakly positive divisors, let us begin with 
the following two lemma. 

Lemma 1.1 (char(A;) > 0). Let tt : X ^ Y be a proper morphism of quasi-projective vari- 
eties over k and y a point ofY such that it is finite over y. Let F be a coherent Ox -'module 
and H an ample line bundle on Y . Then there is a positive integer uq such that, for all 
n > Ho, 

H%X, F ® 7r*(/7^")) ^Ox^F^ 7r*(i7®") 

is surjective at each point of Tx^^{y). 

Proof. Let Uq be a positive integer such that, for all n > no, vr*(F) ® H^"' is generated 
by global sections, i.e., 

ifO(F, 7i,{F) ® i^®") 0Oy^ MF) ® i/®" 

is surjective. Thus, 

H\X, F ® 7r*(i/^")) 0Ox^ 7r*7r,(F ® 7r*(i/®")) 
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is surjective because 7r*(-F 7r*(/7®")) = 7r^,(F) (g) if*^". On the other hand, since vr is finite 
over y, 

is surjective at each point of 7T~^{y). Thus, we get our assertion. □ 

Lemma 1.2 (char(A;) > 0). Let tc : X Y be a proper morphism of quasi-projective vari- 
eties over k and x a point of X such that vr is finite over 7i{x) . Let D he a Q-Cartier divisor 
on X and A a Q-Cartier divisor on Y . If D is weakly positive at x and A is ample, then 
D + 7{*{A) is semi-ample at x. 

Proof. By our assumption, there are Q-Cartier divisors Zi, . . . , Z;, an infinite sequence 
{Dm}m=i of Q-Cartier divisors, and infinite sequences {ai^m}m=i^ • • • 5 Wi,m}m=i of rational 
numbers with the following properties. 

(i) D = Dm + ^'=1 CLi^mZi in Pic(X) ® Q for sufficiently large m. 

(ii) lim„_oo ai^rn = for alH = 1, . . . , /. 

(iii) Dm is semi-ample at x for m ^ 0. 

By virtue of Lemma p..l| , we can find a positive integer n such that nn*{A)-\-Zi and n7T*{A)—Zi 
are semi-ample at x. We choose a sufficiently large m with \nlai^m\ < 1 = 1, . . . , /). Then, 

1 -|- nlai m „ 1 1 f^lOii,m 



> and > 0. 

2ln 2ln 



On the other hand. 



D+7.*{A)^Dm + j2 (^^l!r^(""*(^) + + ^^!r^(""*(^) - ^^)) • 

i=l ^ ^ 

Thus, D + 71* [A) is semi-ample at x. □ 



As immediate consequences of Lemma |1.2| , we have the following propositions. The first 



one is a characterization of weak positivity in terms of ample divisors. 

Proposition 1.3 (char(A;) > 0). Let X he a quasi-projective variety overk, x a point of X , 
and D a Q-Cartier divisor on X . Then, the following are equivalent. 

(1) D is weakly positive at x. 

(2) For any ample Q-Cartier divisors A on X , D + A is semi-ample at x. 

(3) There is an ample Q-Cartier divisor A on X such that D + eA is semi-ample at x for 
any positive rational numhers e. 



Proposition 1.4 (char(fc) > 0). Let X he a normal quasi-projective variety over k, Xq a 
Zariski open set of X , and x a point of Xq. Let D be a Q-Cartier divisor on X and 
Dq = D\-^^. //codim(X \ Xq) > 2, then we have the following. 

(1) D is semi-ample at x if and only if Dq is semi-ample at x. 

(2) D is weakly positive at x if and only if Dq is weakly positive at x. 

Next, let us consider functorial properties of semi-amp leness and weak positivity under 
pull-back and push-forward. 
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Proposition 1.5 (char(fc) > 0). Letn : X Y be a morphism of quasi-projective varieties. 
Let D be a Q-Cartier divisor on Y and x a point of X . If 7c*{D) is defined, then we have 
the following. {Note that even if7r*{D) is not defined, there is a Q-Cartier divisor D' such 
that D' D and 7i*{D') is defined.) 

(1) If D is semi-ample at tt{x), then 'n'*{D) is semi-ample atx. 

(2) If D is weakly positive at 7r{x), then tt*{D) is weakly positive at x. 

Proof. (1) By our assumption, H'^{Y, OyinD)) ®Oy OyinD) is surjective at r[{x) for 
a sufficiently large n. Thus, H^iY^OvinD)) ® Ox — > Ox{nT[*{D)) is surjective at x. Here 
let us consider the following commutative diagram: 

H\Y,OY{nD))®Ox Cx(^vr*(Z})) 



H\X,Ox{mx*{D)))®Ox Ox{n^*{D)). 
Since a is surjective at x, so is a' . Therefore, 7f*{D) is semi-ample at x. 



(2) Let A be an ample divisor on Y such that tt*{A) is defined. Then, by Lemma L2 
D + {l/n)A is semi-ample at 7r(x) for all n > 0. Thus, by (1), tt*{D) + (l/n)7r*(A) is semi- 
ample at X for all n > 0. Therefore, tt*{D) is weakly positive at x. □ 

Proposition 1.6 (char(A;) > 0). Let n : X —>■ Y be a surjective, proper and generically 
finite morphism of normal quasi-projective varieties over k. Let D be a Q-Cartier divisor 
on X and y a point ofY such that vr^,(D) is a Q-Cartier divisor on Y and tt is finite over 
y. We set ii~^{y) = {xi, . . . Then, we have the following. 

(1) If D is semi-ample at xi, . . . ,x„, then 7r*(D) is semi-ample at y. 

(2) If D is weakly positive at xi, . . . ,x„, then tt^{D) is weakly positive at y. 

Proof. (1) Clearly, we may assume that D is a Cartier divisor. If we take a sufficiently 
large integer m, then II^{X, Ox{rnD)) (g) Ox OxijnD) is surjective at Xi, . . . Thus, 
there are sections Si, . . . , s„ of II^{X, Ox{rnD)) with Sj(xj) 7^ for alH = 1, . . . , n. For a = 
(ai, . . . an) € k"-, we set Sa = aiSi H — ■ + a;„s„. Further, we set = {a e /c" | Sa{xi) = 0}. 
Then, dim Vi = n—1 for all i. Thus, since i^{k) = 00, there is a & k"' with a ^ ViU ■ ■ - UVr, 
) 7^ for all i. Let us consider a divisor E = div(sQ,). Then, E ~ mD. Thus, 
7r*(i?) ~ mTx^:{D). Here, Xi ^ E for all i. Hence, y ^ n^:{E). Therefore, we get our assertion. 



(2) Let A be an ample divisor on Y. We set = D + (l/m)7r*(yl). Then, by Lemma ^ 
Dm is semi-ample at Xi, . . . ,x„. Thus, by (1), TT^{Dm) = t^*{D) + (1/m) deg(7r)y4 is semi- 
ample at y. Therefore, 7i^{D) is weakly positive at y. □ 



Finally, let us consider semi-ampleness and weak positivity over an open set. Let X be 
a quasi-projective variety over k, U a Zariski open set of X, and D a Q-Cartier divisor on 
X. We say D is semi-ample over U (resp. weakly positive over U) if D is semi-ample (resp. 
weakly positive) at all points of U. Then, we can easily see the following. 

Proposition 1.7 (char(fc) > 0). (1) If D is semi-ample over U, then there is a positive 
integer n such that nD is a Cartier divisor and II^{X, Ox{nD)) ® Ox —>■ Ox{nD) is 
surjective on U. 
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(2) If D is weakly positive over U, then, for any ample Q-Cartier divisors A on X, there 
is a positive integer n such that n{D + A) is a Cartier divisor and 

H\X, OxHD + A))) ®Ox^ Ox{n{D + A)) 

is surjective on U . 

2. Proof of relative Bogomolov's inequality 

Let X be an algebraic variety over k, x a point of X, and E a coherent Ox-T^odvle on X. 
We say E is generated by global sections at x if H^{X, E) Ox E is surjective at x. Let 
us begin with the following proposition. 

Proposition 2.1 {ch.ai{k) > 0). Let X be a smooth algebraic variety over k, E a coherent 
Ox -''nodule, and x a point of X . If E is generated by global sections at x and E is free at x, 
then det(_E) is generated by global sections at x, where det{E) is the determinant line bundle 
of E in the sense of |jTO[ . 

Proof. Let T be the torsion part of E. Then, det{E) = det{E/T) ® det(T). If we set 

D= Yl lenght(Tp){P}, 
p&x, 

depth (P)=l 

then det(T) ~ Ox{D), where {P} is the Zariski closure of {P} in X. Here since E is free 
at X, X ^ Supp(D). Thus, det(T) is generated by global sections at x. Moreover, it is easy 
to see that E/T is generated by global sections at x. Therefore, to prove our proposition, 
we may assume that E is a. torsion free sheaf. 

Let r be the rank of E and k{x) the residue field of x. Then, by our assumption, there are 
sections Si, . . . , of £^ such that {si{x)} forms a basis of ® k{x). Thus, s = Si A ■ ■ ■ A 
gives rise to a section of det{E) = {/\^ E)** with s{y) ^ 0. Hence, we get our proposition. 

□ 

Next let us consider the following proposition. 

Proposition 2.2 (char(/i;) > 0). Let-n : X ^ Y be a proper and generically finite morphism 
of algebraic varieties over k. Let y be a point ofY such that it is finite over y. 

(1) Let (f) : E —>■ Q be a homomorphism of coherent Ox-modules. If (p is surjective at each 
point of TT~^{y) and 7T^{E) is generated by global sections at y, then 7r*((5) is generated 
by global sections at y. 

(2) Let El and E2 be coherent Ox-modules. If tt^{Ei) and tt^{E2) are generated by global 
sections at y, then so is 7r*(£^i (g) E2) at y. 

(3) Let E be a coherent Ox -module. If 7i^{E) is generated by global sections at y, then so 
is 7r*(Sym"(_E')) at y for every n > 0. 

Proof. (1) We can take an affine open neighborhood U of y such that tt is finite over U 
and (p : E Q is surjective over tt"^{U). Thus, 7!'^:{E) — ^ vr*((5) is surjective at y. Hence, 
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considering the following diagram: 

H%Y,n,{E))(^OY > ME) 



H%Y,n,iQ))0OY > 7r,(g), 

we have our assertion. 

(2) Let U be an affine open neighborhood of y such that vr is finite over U. We set 
U = Spec(yl) for some integral domain A. Since tt is finite over U, there is an integral 
domain B with tt~^{U) = Spec(i?). Here we take 5-modules Mi and M2 such that Mi 
and M2 give rise to and E2\^-l(^^^ respectively. Then, we have a natural surjective 

homomorphism Mi ®^ M2 Mi 0^ M2. This shows us that ^^{E) ® tt^{E2) vr*(i?i ® E2) 
is surjective at y. Here, let us consider the following diagram: 

H%Y,7r,{Ei))(E)H%Y,7r,{E2))^OY > n,{Ei) ® 7i,{E2) 



H%Y, 7r,{Ei ® E2)) ® Oy > n,{Ei ® E2), 

where 7r^(Ei)) (g) Tr^^a)) ® Cy ^ vr*(-Ei) ® Tr^^a) is surjective at y by our 

assumption. Thus, we get (2). 

(3) This is a consequence of (1) and (2) because we have a natural surjective homomor- 
phism E®" ^ Sym"(E). □ 

Before starting the main theorem, we need to prepare the following formula derived from 
Grothendieck-Riemann-Roch theorem. 

Lemma 2.3 (char(A;) > 0). Let X and Y he algebraic varieties over k, and f : X ^ Y a 
surjective and projective morphism over k of dim f = d. Let L and A he line hundles on X . 
IfY is smooth, then there are elements Zi, . . . , Zd of AdimY-i{y) ® Q such that 

ci {RfAL^- ® A)) n [Y] = AM^QlM^^+i + V Z,n^ 

for all n > 0. 

Proof. We use the same symbol as in |p. First of all, Rf:^{L'^'^ ® A) ^ K°{Y) because Y 
is smooth. Thus, by Theorem 18.3, (1) and (2)], i.e., Riemann-Roch theorem for singular 
varieties, 

(2.3.1) ch(i?/,(L®" ® A)) n ty{Oy) = /*(ch(L®" ® A) n rx(Cx)). 

Since tx{Ox) = [X] + terms of dimension < dimX by Theorem 18.3, (5)], it is easy to 
see that there are Tq, . . . ,Td E yldimy-i(-^) ® Q such that 
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Thus, 

(2.3.2) /.(ch(L«'^ ®A)n rx(Ox))dimy-i = + ^ f,{T,)n\ 

On the other hand, since ty{Oy) = [Y] + terms of dimension < dimF, if we denote by 5" 
the (dimF — l)-dimensional part of ty{Oy), then 

(2.3.3) 

(ch(i?/,(L®" ® A)) n rYiOY))^,^y_, = ci(i?/,(L«" ® A)) n [Y] + rk(i?/4L®" ® A))5. 

Here, rk(i?/^(L'^"' A)) = x(X^, (L®" A)^) is a polynomial of n with degree d at most, 
where 77 is the generic point of Y. Thus, combining ( p. 3.1 ), ( 2.3.2| ) and ( 2.3.3|) , we have our 
lemma. □ 

Let us start the main theorem of this paper. 

Theorem 2.4 (char(A;) > 0). Let X be a quasi-projective variety overk, Y a smooth quasi- 
projective variety over k, and f : X ^ Y a surjective and projective morphism over k of 
dim / = 1. Let F be a locally free sheaf on X with f^{ci{F) fl [X]) = 0, and y a point ofY. 
We assume that f is fiat over y, and that there are line bundles L and M on the geometric 
fiber Xy over y such that 

H\Xy, Sym"(Fjj) ® L) = H\Xy, Sym'^iFy) ® M) = 

for m ^ 0. Then, /* ((c2(-F) — Ci(F)^) fl [X])) is weakly positive at y. 

Proof. Let A be a very ample line bundle on X such that Ay ^ L and Ay ® M*^"^ are 
very ample on Xy. First of all, we would like to see the following. 

Claim 2.4.1. H%Xy, Sym'"(Fy) A^-^) = H\Xy, Sym"'(Fj,) ® Ay) = for m > 0. 



In general, for a coherent sheaf G on X^^, H^{Xy, G ®K(y) i^{y)) = H\Xy, G) ^K{y) i^{y) for 
alH > 0. Thus, it is sufficient to show that 

H'^iXy, Sjm^iFy) ® A^-') = H\Xy, Sym"(Fj,) ® Ay) = 



for m ^ 0. Since Ay^L is very ample and #(«(?/)) = 00, there is a section s G H^{Xy, Ay®L) 

such that s 7^ in [Ay®L) ®k[P) for any associated points P of Xy. Then, Oxy Ay®L 
is injective. Thus, tensoring the above injection with Sym™(Fy) ® we have an injection 

Sym"*(Fj^) ® Af-i Sym^'"(Fg) ® L. 

Hence, i/°(Xg, Sym'"(Fj^) ® A^'^) = for m > 0. 

In the same way, there is a section s' G L[^{Xy,Ay (E) M®~^) such that s' 7^ in [Ay (g) 

M®-i) (g) k{P) for any associated points P of Xy. Then, Oxy ^ Ay ® M^-^ is injective 
and its cokernel T has the 0-dimensional support. Thus, tensoring an exact sequence 

Oxy ^Ay® M®-^ ^ T ^ 

with Sym'"(Fy) ® M, we obtain an exact sequence 

^ Sym™(Fg) ® M ^ ^jYii'^{Fy) ® Ay ^ SjiYTiFy) ® M ® T ^ 0. 
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Hence, we get a surjection 

H\Xy, Sym"^(Fg) ® M) ^ H\Xy, Sym^'iFy) 

Therefore, H\Xy, Sym'"(Fg) ® Ay) = for m > 0. 



Since X is an integral scheme over k of dimension greater than or equal to 2, and Xy is 
a 1-dimensional scheme over K,{y), by virtue of Theorem 6.10], there is B E \A^^\ such 
that B is integral, and that B fl is finite, i.e., B is finite over y. Let vr : i? — > F be the 
morphism induced by /. Let H be an ample line bundle on Y such that tt^:{Fb) (S> H and 
7r*(AB) ® H are generated by global sections at y, where Fb = F\^ and Ab = A\^. 

Let jj, : P = Proj (0^=0 ~^ be the projective bundle and Op(l) the tauto- 

logical line bundle on P. We set h = f ■ fi : P —>■ Y . Let us consider 

ci (m,((Op(i) ® h*iH)f"' ® ® n [r] 



for m ^ 0. By Lemma |2.3| , there are elements Zq, ... , Zr oi y4dimy-i(^) ® Q such that 



ci {RK{{Op{l) ® h*{H)f"' ® ® r (i/))) n [F] 

/i,(ci(Op(i)®/i*(i/)y+in [P]) 



fr + 1)! 



-m 



r+l 



where r is the rank of F. Here 



f ^.(ci(Op(i))'-+i n [P]) = {c,{Ff - c,{F)) n [X], 

/i.(ci(Op(i)rn[P]) = ci(F)n[x], 

/i,(ci(Op(i)rin[P]) = [x], 
[^^,{c^{Op{l)y n [P]) = (0 < J < r - 1). 



Thus, by using projection formula, we have 



'r+l 



hM{Op{i) ® h\H)r+' n [P]) = /./i, 5^/x7*(ci(//)0 n (ci(Op(i))^+i- n [p]) 



.1=0 



U{{c,{Ff-c,{F))f^\X]) 

+ r/,(r(ci(/J))n(ci(P)n[x])) 

r(r + 1) 



+ 



-U {r{c,{Hf) n [X]) 



= -/4(c,(P)-ci(P)2)n[x]) 

because /*(ci(P) n [X]) = and /*([X]) = 0. Moreover, 
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Therefore, we get 

^(-l)Vi (i?7* (Sym'"(F ® r{H)) ® A^-' ® r{H))) n [Y] 



i>0 



/. ((C2(F) - Ci(F)2) n [X]) m^^' + ^ Z,m^ 



(r + 1)!' 

^ ' i=0 

Here we claim the following. 

Claim 2.4.2. If m ^ 0, then we have the following. 

(a) ci (i?7, (Sym"'(F ® ® n [F] = /or a// i > 2. 

(b) (Sym™(F ® /*(//)) ® ® = 0. 

(c) i?7* (Sym"^(F ® ® A®-^ ® /*(^)) /ree at y. 

(d) (Sym'"(F ® ® A ® = around y. 

(a) : Let Y' be the maximal open set of Y such that / is flat over Y'. If i > 2, then the 
support of R'f^ (Sym'"(F ® f*{H)) ® A^-^ ® /*(^^)) is contained in Y\Y'. Here codim(F\ 
F') > 2. Thus, we get (a)^ 

(b) and (c) : By Claim |2AT| , H%Xy, Sjm"'{Fy) ® Af-^) = for m > 0. Thus, using the 
upper-semicontinuity of dimension of cohomology groups, there is an open neighborhood Um 
of y such that / is flat over Um and if°(Xy , Sym™(Fj,/) (g) A®,"^) = for all y' e Um, which 
implies (b) because /* (Sym™'(F (g) f*{H)) ® A'^~'^ ® f*{H)) is torsion free. Here, since / is 
flat over Um, xi^y', Sym™'(Fy') (gA®,"^) is a constant with respect to y' G Um- Therefore, so 
is h^{Xy/, Sym™(Fj//) (g) Ay,~^) with respect to y' G Um- Thus, we have (c). 

(d) : By virtue of Claim p.4.1| , H'^{Xy, Syur{Fy) (g A^^) = for m > 0. Thus, there is an 
open neighborhood U'^ of y such that / is flat over U^^ and 

H\Xy>,SYnr{Fy>)^Ay,) = 

for all y' G f/^. Hence, we can see (d). 



By (a) and (b) of Claim |2A|, 
^ ./.((c2(F)-ci(F)^)n[X]) 



(r + 1) 



r+1 



r+1— i 



i=0 



Hence, it is sufficient to show that 

ci (Sym"^(F ® ® A^-' ® n [r] 

is semi- ample at y. 

Since tt^^Fb (g 7r*(if)) and 7r^.(y4B (g 'k*{H)) are generated by global sections at by (2) 
and (3) of Proposition 7i^{Sjm"'{FB ^ n*{H)) ^ Ab ® 7r*(if)) is generated by global 
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sections at y. On the other hand, a short exact sequence 

^ Sym'"(F ® ® A®-^ ® f*{H) Sym™(F ® ® A ® 

^ Sym'"(Fi3 ® 7r*(i/)) ® ® 7r*(if) ^ 

gives rise to an exact sequence 

^ /,(Sym'"(F ® ® A ® /* (i/)) ^ 7r,(Sym'"(FB ® 7r*(i7)) ® ® n*iH)) 

^ i?V*(Sym'"(F ® r (iJ)) ® ® ^ i?V,(Sym™(F ® ® A ® /* (i/)). 

Thus, by (d) of Claim gX2i 

is surjective at y. Therefore, applying (1) of Proposition ^]2| to the case where idy : Y ^ Y 
and = (pm, i?V*(Sym'"(F ® ® A®~ ^ ® /*(^)) is generated by global sections at 

y. Moreover, by virtue of (c) of Claim |2A|, i?7,(Sym'"(F ® f*{H)) ® A^-^ ® is 
free at y. Hence, by Proposition |2l|, ci(i?V,(Sym™(F ® f*{H)) ® A^-^ ® n [Y] is 

semi- ample at □ 

As a corollary of Theorem |2.4] , we have the following. 

Corollary 2.5 (char(/c) = 0). Let X be a quasi-projective variety overk, Y a smooth quasi- 
projective variety over k, and f : X —>■ Y a surjective and projective morphism over k with 
dim / = 1. Let E he a locally free sheaf on X and y a point ofY. If f is flat over y, the 
geometric fiber Xy over y is reduced and Gorenstein, and E is semistable on each connected 
component of the normalization of Xy, then disx/y(-E) is weakly positive at y. 

Proof. We set F = Snd{E). First, we claim the following. 

Claim 2.5.1. H^{Xy, Sym'"(Fy) (g) A^~^) = for any ample line bundles A on Xy and any 
m > 0. 

Let 7c : Z Xy be the normalization of Xy. The semistability of tensor products of 
semistable vector bundles in characteristic zero was studied by a lot of authors [0], 0, [0' 
rr and etc. (You can find a new elementary algebraic proof in §|^, which works in any 



characteristic under strong semistability.) Thus, by virtue of our assumption, Sym"'(7r*(Fg)) 
is semistable and of degree on each connected component of Z. Hence, 

H%Z, 7i*{Sjm'^{Fy) ® A^-i)) = 0. 

Here, since Oxy — > 7r*(Oz) is injective, the above implies our claim. 

Let L be an ample line bundle on Xy such that L ^x^^ is ample. Here, since F^ = Fy, 
by using Serre's duality theorem, H^{Xy, Sjm^^Fy) L) is isomorphic to the dual space of 
H%Xy, Sym'"(Fj^) ® (L ® cuf"^)®-!). Thus, by Claim [2XTI 

H\Xy, Sym'"(Fg) ® L®"^) = H\Xy, Sym'"(Fj^) ® L) = 

for all m > 0. Hence, Theorem |2.4| implies our corollary because Ci{F) = and C2{F) = 
2 Tk{E)c2{E) - {Tk{E) - l)ci{E)^. □ 



RELATIVE BOGOMOLOV'S INEQUALITY 



13 



Remark 2.6. Even if rk(F) = 1, Theorem ^]4| is a non-trivial fact. For, if / : X ^ F is a 



smooth surface fibred over a projective curve, then the assertion of it is nothing more than 
the Hodge index theorem. 

3. A WEAKLY POSITIVE DIVISOR ON THE MODULI SPACE OF STABLE CURVES 

Throughout this section, we assume that ch.aT{k) = 0. 

Fix an integer g >2 and a polynomial Pg{n) = {6n — l){g — 1). Let Hg C Hilbpf^.g be a 
subscheme of all tri-canonically embedded stable curves over k, Zg C HgXF^^^^ the universal 
tri-canonically embedded stable curves over k, and it : Zg —* Hg the natural projection. Let 
A be the minimal closed subset of Hg such that vr is not smooth over a point of A. Then, by 
0, Theorem (1.6) and Corollary (1.9)], Zg and Hg are quasi-projective and smooth over k, 
and A is a divisor with only normal crossings. Let A = Aq U ■ • • U ^[g/2] be the irreducible 
decomposition of A such that, if x G A,; \ Sing(A), then 7c~^{x) is a stable curve with one 
node of type i. We set U = Hg\ A, H^ = Hg \ Sing(Ai + ■ ■ ■ + A[g/2]) and = 7r-\H^). 
In [p!6| , §3] , we constructed a reflexive sheaf F on Zg with the following properties. 

(1) F is locally free on Z^. 

(2) Foreachy e i/5\(AiU---UA[^/2]), F^^^^^^ = Kei {H^^iuj^-i^y^) ^ 0^~^y) oo^^^y)) . 



(3) disz,/H,iF) = (Sg + 4) detin^iuj z,/h,)) - gA, - YAl[ ^^{9 - ^)^^■ 
Actually, F can be constructed as follows. First of all, we set 

E = Ker {7i*{7i^{ujz^/h,)) ^ ^z,/h,) ■ 

We would like to modify E along singular fibers so that we can get our desired F. For this 
purpose, we consider E^ = E\^o- It is easy to see that E^ is a locally free sheaf on Zg. For 

each i > 0, we denote Aj fl H^ by A^. If i > 1, then there is the irreducible decomposition 
7r-i(A°) = Cl U Cf such that the generic fiber of vrLi : C} A° (resp. vrLa : Cf A°) is 

i i 

of genus i (resp. g — i)- Moreover, if we set 



for each i > 1 and j = 1,2, then there is a natural surjective homomorphism 



Here let us consider 

F° = Ker 



/ [f] [§] \ 

{al © a?) : — [Q] © Q^) 

^ i=l i=l J 

As we showed in [|16], §3], F^ is a locally free sheaf on Z^ with 



diszo//,o(F°) = (8(7 + 4) detMuzo/Ho)) - gA', - Y^4i{g - z)A°. 

1=1 
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Let u : Zg —>■ Zg he the natural inclusion map. Then F can be defined by z/*(F°). In order 
to see (2), note that E = F over ifg \ (Ai U ■ ■ ■ U A[g/2]) and n*{n^{ujZg/Hg)) ^Zg/Hg is 
surjective on Hg \ (Ai U • ■ ■ U ^[g/2]) (cf. Il6|, Proposition 2.1.3]). 

Let ^Ag (resp. M.g) be the moduli space of stable (resp. smooth) curves of genus g over 
k. Let (f) : Hg ^ Jvig be the canonical morphism. Let A, 5o, • • • , 5[g/2] ^ Pic(-A^3) ® Q such 
that 0*(A) = det{Ti^{ijJZg/Hg)) and 0*(5i) = A, for all < i < [(7/2]. Let us begin with the 
following lemma. 

Lemma 3.1. Let D be a Q-Cartier divisor on M.g and x a point of Aig. If (f)*{D) is weakly 
positive at any points of (j)~^{x), then D is weakly positive at x. 

Proof. It is well known that there are a surjective finite morphism tt : F ^ M.g of normal 
projective varieties and a stable curve f : X oi genus g such that the induced morphism 
Y Aig hj f : X Y is 71. Since TT^{n*{D)) = deg{7i)D, by Proposition [L^ , it is sufficient 
to show that Ti*{D) is weakly positive at any points of 7r~^(a;). 

Let ?/ be a point of tt~^{x). Then, there is a Zariski open neighborhood U oi y such that 

f*i^'x/Y^ is free. Thus, 



u 




XjY I 



Therefore, there is a morphism fi : U ^ Hg with 7t\^ = (f) ■ fi. By abuse of notation, the 
induced rational map Y --^ Hg is denoted by fi. Let u : Y' Y he a. proper birational 
morphism of normal projective varieties such that n' = n ■ u : Y' —>■ Hg is a. morphism and 
v is an isomorphism over z/~^(?7). Then, we have the following diagram: 

Y' Y 



Hg — Mg. 

4> 

This diagram is commutative because (j) ■ ^' = it ■ u over z/^^(f/). Hence, z/*(7r*(D)) = 
/i'*(0*(D)). Moreover, z/*(z/*(7r* (/)))) = 7t*{D). Thus, by virtue of Proposition |1.6|, in order 
to see that tt*{D) is weakly positive at y, it is sufficient to check that ^'*{(j)*{D)) is weakly 
positive at y E ^'^{U). 

By our assumption, 4>*{D) is weakly positive at fi'{y) because 0(/i'(?/)) = x. Hence, by 
Proposition |l]5|, fi'* {(p* (D)) is weakly positive at y. □ 

Theorem 3.2. (8g + A)X — gdo — Y^^fl'i ^'>'i9~'>')^i is weakly positive over Aig. In particular, 
it is pseudo- effective, and numerically effective over Aig. 



Proof. Let y he a point of f/ = Hg\ A. By virtue of [|T8], Fj^.i^^^ is semistable. Thus 



by Corollary pl5| , diszo/Ho{F^) is weakly positive at y. Hence, by Proposition |L4 



so IS 



diszg/HgiF) at y because codim(ifg \ Hg) = 2. Thus, diszg/HgiF) is weakly positive over 



U = (f) ^{Aig). Therefore, by virtue of Lemma |3.1| , we get our theorem. □ 
As a corollary, we have the following. 
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Corollary 3.3. Let X be a smooth projective surface over k, Y a smooth projective curve 
over k, and f : X ^ Y a semistable curve of genus g > 2 over Y . Then, we have the 
inequality 

[9/2] 

(8^ + 4) deg(/,(cux/y)) > g5oiX/Y) + ^ 4z(^ - t)5,iX/Y), 

i=l 

where 5i{X/Y) is the number of nodes of type i in all singular fibers of f . 



Remark 3.4. We don't know the proof of Corollary |3.3| without using the moduli space 
A4g. Let fi : Y ^ Aig be the morphism induced hy f : X Y. Then, fi{Y) might pass 
through Aig \ (j){Hg). In this case, analyses of singular fibers only in X seem to be very 
complicated. 

4. Cones of positive divisors on the moduli space of stable curves 
Throughout this section, we assume that char(A;) = 0. 

Let X be a projective variety over k and C a certain family of complete irreducible curves 
on X. A Q-Cartier divisor D on X is said to be numerically effective for C if (D ■ C) > 
for all C e C. We set 

Nef (X, C) = {D eNS{X)®Q\D is numerically effective for C} . 

Moreover, for subsets A and S in X, we denote by Cur^ the set of all irreducible complete 
curves C on X with C C A and C n S 7^ 0. 

Let g be an integer greater than or equal to 2, Jg the locus of hyperelliptic curves in A4g, 
Tg the closure in A^g, and ^Ag the set of all stable curves with at most one node, i.e., if 
we use the notation in the previous section, 

A?r = 0(i/,\Sing(Ao + --- + A[,/2])). 
Let us begin with the following lemma. 

Lemma 4.1. There are complete irreducible curves C, Co, . . . , C[g/2] on Aig with the follow- 
ing properties. 

. . one 

(1) C, Co, . . . , q,/2] G Cur^« . 

(2) C C Mg. 

(3) Ci C Ig for allO<i< [g/2]. 

(4) For all < i,j < [g/2], {6i ■ Cj) is positive if i = j , and {6i ■ Cj) = if i ^ j . 

Proof. Let A4g be Satake's compactification of Aig. Then, Ai^g is projective and codim(A^^\ 
■Mg) > 2. Pick up one point P G Tg. If we take general hyperplane sections Hi, . . . , H^g-i 
passing through P, then C = if 1 fl . . . fl H^g-i is a complete irreducible curve with C C Aig 
and P eC. 

Applying Proposition [A.3| to the case where a = 0, and contracting all (— 2)-curves in all 



singular fibers, we have a stable fibred surface /o : Xq ^ Yq such that Fq is projective, the 
generic fiber of /o is a smooth hyperelliptic curve of genus g, fo is not smooth, and that 
every singular fiber of fo is an irreducible nodal curve with one node. Let /xq : -Mg be 

the induced morphism by /o : Xq — Yq- Then, Cq = fi{Yo) is our desired curve. 
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Finally, we fix i with 1 < i < [g/2]. Using Proposition |A.2| , there is a stable fibred surface 
fi : Xi —>■ Yi such that Yi is projective, the generic fiber of fi is a smooth hyperelliptic curve 
of genus g, fi is not smooth, and that every singular fiber of fi is a reducible curve with 
one node of type i. Let /ij : A4g be the induced morphism by fi : Xi ^ Yi. If we set 

Ci = fiiiXi), then Ci satisfies our requirements. □ 



By using curves in Lemma |4.1| , we can show the following proposition. 
Proposition 4.2. 



Nef (Al„Cur^« 



[9/2] 

^ + ^yi5i 

i=0 



x>0, 

gx + {8g + A)yo > 0, 

iig-t)x + {2g + l)y,>0 il<t<[g/2]). 



Let 



Proof. Let D = xX + Yl^i=o' Vi^i arbitrary element of Nef (A^^, Cur 

C, Co, . . . , C\^gi2] be irreducible complete curves as in Lemma Then, < {D-C) = x{\-C). 
Hence x > 0. 

To get other inequalities, we need some facts of hyperelliptic fibrations. Details can be 
found in 0, §4, b]. For i > 0, Ai Hlg is irreducible. Aq fl Xg is however reducible and has 
1 + [{g — l)/2] irreducible components, say, Sq, Si, . . . , S[(g_i)/2]- Here a general point of Sq 
represents an irreducible curve of one node, and a general point of Ej [i > 0) represents a 
stable curve consisting of a curve of genus i and a curve of genus g — i ~ 1 joined at two 
points. The class of Sj in Pic(Xg) ® Q is denoted by cij, and by abuse of notation, 5i\j^ is 
denoted by 6i. Further, \\j is denoted by A. Then, by virtue of Proposition (4.7)], 



5o = CTQ + 2 ((Ti 



^[(9-l)/2]) 



and 



[(9-l)/2] [9/2] 

i8g + 4:)X = g(To+ ^ 2{j + l){g - j)(Tj + J2^ii9 - 
j=i i=i 

Let us consider D as a divisor on Ig. Using the above relations between A, 5j's and cr^'s. 



we have 



D 



8g + 4 



x + yo]ao + 2 



[{9-l)/2] 



{j + i){g- j), 

8g + A 



[9/2] 



i=l 



i{9 



2g + l 



■x + yi] 5i. 



Note that Q n = for all < z < [g/2] and I < j < [{g - l)/2] because Q C M 
Thus, considering {D ■ Ci), we have the remaining inequalities. □ 



■one 

a ■ 



Corollary 4.3. If C is a set of complete irreducible curves on M.g with Cur^ 



m: 



c c c 



Cur^^, then 



Nef {Mg,C) = IxX + Y^y^^^ 



a; > 0, 

gx + {8g + 4)|/o > 0, 

i{g-i)x + {2g + l)y,>Q {l<i<[g/2]). 
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Proof. Since Nef {Mg,C) C Nef i^Mg, Cuij^' j, the direction "C" is a consequence of 
Proposition ^j2|. Conversely, we assume that D = xX + Xlll^o' Ui^i satisfies 

'x > 0, 

gx + {8g + 4)|/o > 0, 

t{g-t)x + {2g + l)y,>0 {l<i<[g/2]). 



Then, since 



D 



X 



[ff/2] 



8(7 + 4 



{8g + A)X-g6o-J2'^'(9-^)Si 



1=1 



+ yo 



9 



-X 



8(7 + 4 



[9/2] 



i=l 



^ 2^+1 



and C C Cur^^, we can see that D is numerically effective for C by using Theorem |3.2| . □ 

In the same way, we can see the following. 
Corollary 4.4. // we set 



WP{Mg;Mg) = {De Pic(7W, 



D is weakly positive over Aig}, 



then 

WP(Mg;Mg) = 

Proof. Note that 



[9/2] 

xA + ^ yi6i 

i=0 



x>0, 

gx + (8(7 + 4)2/0 > 0, 

2((7-Oa; + (2(7 + l)y, >0 (1 < 2 < [(7/2]). 



WP(A^3; A<3) C Nef (A<3,CuriJ^ 



and that {8g + 4)A — g6o — Xlll^i' 4i((7 — i) and (5j's are weakly positive over A4g. 



□ 



Remark 4.5. In general, over an open set, weak positivity is stronger than numerical ef- 
fectivity. Corollary and Corollary [4.4| however say us that, on the moduli space of stable 
curves A4g, weak positivity over Aig coincides with numerical effectivity over Aig. 



5. Effective Bogomolov's conjecture over function fields 

Let X be a smooth projective surface over k, Y a smooth projective curve over k, and 
/ : X — > y a generically smooth semistable curve of genus g > 2 over Y. Let K be 
the function field of Y, K the algebraic closure of K., and C the generic fiber of /. Let 
j : C{K) Jac(C)(i^') be the map given by j{x) = {2g — 2)x — ujc and || \\mt the semi-norm 
arising from the Neron-Tate height pairing on Jac(C)(-ft'). We set 

Bc{P; r) = {xe C(K) \ \\j{x) -P\\NT<r} 
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for P G Jac(C)(ir) and r > 0, and 

f-oo if #(5c(P;0)) = oo, 

rc{P) = I 

I sup {r > I # {Bc{P; r)) < oo} otherwise. 
An effective version of Bogomolov's conjecture claims the following. 

Conjecture 5.1 (Effective Bogomolov's conjecture). If / is non-isotrivial, then there is an 
effectively calculated positive number vq with 

inf _ rc{P) > tq. 
Pe.Uc{c){K) 

Recently, Ullmo ||19| proved that rc{P) > for all P G Jac{C){K) for the case where K 
is a number field. As far as we know, the problem to find an effectively calculated ro is still 
open. The meaning of "effectively calculated" is that a concrete algorithm or formula to find 
ro is required. 

Here we need a rather technical condition coming from calculations of green functions 
along singular fibers. Let f : X ^ Y he the stable model of / : X — > F. Let Xy (resp. 
Xy) be the singular fiber of / (resp. /) over y eY , and Sy the set of nodes P on Xy such 
that P is not an intersection of two irreducible components of Xy, i.e., a singularity of an 
irreducible component. Let ti : Zy ^ Xy be the partial normalization of Xy at each node 
in Sy. We say Xy is a tree of stable components if the dual graph of Zy is a tree graph. In 
other words, every node of type on Xy is a singularity of an irreducible component of Xy. 

As an application of Corollary ^73| , we get the following solution of the above conjecture, 
which is a generalization of [l^. Theorem 5.2]. 

Theorem 5.2 (char(/c) = 0). // / is not smooth and every singular fiber of f is a tree of 
stable components, then 



inf _ rc{P) > 
PeJac(c)(_ft:) 



gC^g + 1) 



L 2J 



Before starting the proof of Theorem |5.2|, let us recall several facts of green functions on 



a metrized graph. For details of metrized graphs, see |21[ . 

Let G be a connected metrized graph and D an M-divisor on G. If deg(i^) 7^ —2, then 
there are a unique measure 11{g,d) on G and a unique function g(G,D) on G x G with the 
following properties. 



Ai(G,D) = i- 

(b) g(G,D){x,y) is symmetric and continuous on G x G. 

(c) For a fixed x G G, Ay{g(^G,D){x,y)) = 6^- /i(G,D)- 

(d) For a fixed x eG, g(G,D){x,y)fi(G,D){y) = 0. 

Jg 

(e) g(G,D){D,y) +giG,D){y,y) is a constant for all y e G. 
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The constant g(^G,D){D, y) + g(G,D){y, y) is denoted by c{G, D). Further we set 

e{G, D) = 2 deg(D)c(G', D) - g^G,D) {D, D). 

We would hke to calculate the invariant e{G, D) for the metrized graph G with the polar- 
ization D. First of all, let us see two examples, which will be elementary pieces for our 
calculations. 

Example 5.3 (cf. Lemma 3.2]). Let C be a circle of length / and O a point on C. 
Then, 

9ic,o){0,0) = ^ and e(C,0) = 0. 

Example 5.4 (cf. ||16|, Lemma 4.4]). Let G be a segment of length /, and P and Q terminal 
points of G. Let a and b be real numbers with a + b ^ 0, and D an M-divisor on G given by 
D = {2a- l)P + (26 - l)Q. Then, 

/ Anb \ b"^ rP' 

Let Gi and G^ be metrized graphs. Fix points X\ G G\ and X2 G G2- The one point sum 
G\ V G2 with respect to x\ and X2, defined by G\ x {0:2} U {xi} x G2 in Gi x G2, is a metrized 
graph obtained by joining x\ G G\ and X2 G G2. The joining point, which is {x\\ x {X2} 
in Gi X G2, is denoted by j(Gi V G2). Any R-divisor on Gj (i = 1, 2) can be viewed as an 
M-divisor on G\ V G2. Then, our basic tool for our calculations is the following. 

Proposition 5.5 (cf. |1T6| , Proposition 4.2]). Let G\ and G2 be connected metrized graphs, 
and Di and D2 ^.-divisors on Gi and G2 respectively with deg(Dj) 7^ —2 [i = 1,2). Let 
G = GiVG2, 0=j(GiVG2), andD = Di + D2 onGiVG2. If deg{Di + D2) ^ -2, then 
we have the following formulae, where di = deg(L'j) (i = 1,2) and rG2iO, P) is the resistance 
between O and P on G2. 

(1) IfPe G2, then 

^1 + 2) (n n^M (^1 + 2)^ 

j£/(G2,D2)(0,0) + 7:1— — l-^7T^£/(Gi,Di)(0,0). 



(2) 

e(G,D)=e(Gi,Z}i) + e(G2,/^2) + 



(^1 + ^2 + 2)2"^--^'"^^^ ' ' (di + rf2 + 2)2- 

2d2{di + 2)g^GuD,){0, O) + 2d,{d2 + 2)g(GM{0, O) 



rfi + rfs + 2 

Combining the above proposition and Example p.3|, we have the following. 



Corollary 5.6. Let G be a connected metrized graph and D an W-divisor on G with deg{D) 7^ 
—2. Let G be a circle of length I. Then, 

e{G yG,D) = e(G, D) + .^t^^^J- 

3(degL) + 2) 
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Let G be a connected metrized graph. We assume that G is a tree, i.e., there is no loop 
in G. Let Vert(G) (resp. Ed(G)) be the set of vetexes (resp. edges) of G. For a function 
a : Vert(G) — > M, we define the divisor D{a) on G to be 

D(a) = {2a{x) - 2 + v{x))x, 

xeVert{G) 

where v{x) is the number of branches starting from x. It is easy to see that 

deg(D(a)) + 2 = 2 ^ a{x). 

a;GVert(G) 

To give an exact formula for e{G, D{a)), we need to introduce the following notation. Let e 
be an edge of G, P and Q terminal points of e, and e° = e \ {P, Q}. Since G is a connected 
tree, there are two connected sub-graphs Gg and Gg such that G \ e° = Gg ]J G". Then, we 
have the following. 

Proposition 5.7. With the same notation as above, if a{x) > for all x G Vert(G) and 

ExGVert(G)"(^) ^ 0' ^^^n 

V- ( "^ (^^.Vert(G-J«(^)) (E.GVert(G»)^(^)) \ 

e{G,D{a))= ^ ^ ^^-^-^ ^ - 1 M(e), 

eeEd(G) \ Z^xgVert(G) J 

where l{e) is the length of e. 

Proof. For a positive number t, we set at{x) = a{x) + 1. Then, it is easy to see that 

\mie{G,D{at)) =e{G,D{a)). 

Thus, in order to prove our proposition, we may assume that a{x) > for all x G Vert(G). 

We fix P G Vert(G). For e G Ed(G), we denote by Gp,e the connected component of G\e° 
not containing P, i.e., if P ^ Gg, then Gp^e = G^; otherwise, Gp^e = G". With this notation, 
let us consider the following claim. 

Claim 5.7.1. 



.pp. V- (^xgVert(Gp,,)Q^(^)y 

giG,Di»))iP^ P) = 2^ ^He). 

eeEd(G) (ExeVert(G)"(^)^ 



We prove this claim by induction on #(Ed(G)). If #(Ed(G)) = 0, 1, then our assertion is 
obvious by Example Thus, we may assume that #(Ed(G)) > 2. 

First, we suppose that P is not a terminal point. Let G' be one branch starting from 
P, and G" a connected sub-graph such that G' U G" = G and G' fl G" = {P}. We define 
a' : Vert(G') ^ M and a" : Vert(G") ^ M by 



1 if X = P 
a{x) otherwise 



a'{x) 
lave G 

(1) of Proposition and hypothesis of induction, we can easily see our claim. 



and a" = «lvcrt(G")' Then, we have G = G' y G" and D{a) = D{a') + D{a"). Thus, using 
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Next we suppose that P is a terminal point. Pick up e G Ed(G) such that P is a terminal 
of e. Let O be another terminal of e. We set G' = e and G" = {G \ e) U {O}. Moreover, 
we define a' : Vert(G') = {P, 0} R and a" : Vert(G") ^ M by a'(P) = a(P), a'(0) = 1 
and a" = a|vcrt(G")- ^hen, G = G' V G" and D{a) = D{a') + D{a"). Thus, using (1) of 
Proposition |5.5| , Example |5.4| and hypothesis of induction, we can see our claim after easy 
calculations. 



Let us go back to the proof of Proposition |5^ . We prove it by induction on #(Ed(G')). If 
#(Ed(G')) = 0, 1, then our assertion comes from Example ^.4| . Thus, we may assume that 
#(Ed(G')) > 2. Let us pick up a terminal edge e of G. Let {0,P} be terminals of e such 
that P gives a terminal of G. We set Gi = e and G2 = {G \ e) U {O}. Moreover, we define 
ai : {0,P} = Vert(G'i) ^ M and : Vert(G'2) ^ M by ai(0) = 1, ai(P) = a(P), and 
C(2 = Q^lvert(G2)' Then, G = Gi y G2 and D{a) = D{ai) + D{a2). Thus, if we set 

A = Z]xeVert{G) 

Ae' = ExgVert(Go^,,) "(^) e' G Vert(G') \ {e}, 

then, by (2) of Proposition |5.5| , Example |5.4| , Claim |5.7.1| and hypothesis of induction, we 
have 

^ e'eVcrt(G)\{e) ^ 

^ ^ e'eVcrt(G)\{e} ^ ^ 

Therefore, we get our proposition. □ 



Corollary 5.8 (char(/c) > 0). Let X be a smooth projective surface over k, Y a smooth 
projective curve over k, and f : X ^ Y a generically smooth semistable curve of genus g > 2 
over Y . Let Xy be the singular fiber of f over y &Y , and Xy = Ci + ■ ■ ■ + C„ the irreducible 
decomposition of Xy. Let Gy be the metrized graph given by the configuration of Xy, Vi the 
vertex of Gy corresponding to Gi, and Uy the divisor on Gy defined by ujy = '^i{ujx/y ■ Gi)vi. 
If Xy is a tree of stable components, then 

<Gy,COy) = ^SoiXy) + ^ ^ ^^^^ - 1^ 5,(X,). 

Proof. Let / : X — y be the stable model of / : X — > F, and Sy the set of nodes P on 
Xy such that P is a singularity of an irreducible component. Let n : Zy ^ Xy be the partial 
normalization of Xy at each node in Sy. Let Gy be the dual graph of Zy. Let h, ■ ■ ■ ,lr be 
circles in Gy corresponding to nodes in Sy. Then, Gy = Gy\/li\/---\/lr. Moreover, if g^ is 
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the arithmetic genus of Cj and a : Vert(G'y) ^ M is given by a{vi) = gi, then Uy = D{a) 
Here, by virtue of Proposition p.7| , 



j=i ^ ^ 



Therefore, it follows from Corollary ^.6| that 



<Gy,UJy) = ^-^SoiXy) + g ^^^^^ 



□ 



Let us start the proof of Theorem ^.21 . First of all, note the following fact (cf. Theorem 
5.6], [0, Corollary 2.3] or |5|, Theorem 2.1]). If (cu^/^ ■ cu^/y)a > 0, then 



inf _ rc{P) > J{g - l)(a;^/^ • a;^/y)a, 

where ( ■ )a is the admissible pairing. 

By the definition of admissible pairing, we can see 

i^x/Y ■ ^x/y)^ = i^x/Y ■ ^^x/y) - e(G'y, Uy). 

y&Y 



On the other hand, by Corollary p.3| , we have 

[f] 

(8^7 + 4) deg(/,(^x/y)) > g5o{X/Y) + Ai{g - i)5,{X/Y). 

i=l 

Thus, using Noether formula, the above inequality implies 

[I] 

i-x/Y ■ u^x/y) > |^^o(X/F) + ± (^1^ - 1) 5.iX/Y). 

Therefore, we have our theorem by Corollary [5.8| . □ 
Moreover, using UUmo's result [|l^] and Proposition |5]^, we have the following. 



Corollary 5.9. Let K be a number field, Ok the ring of integers, and f : X Spec(Oi<-) 
a regular semistable arithmetic surface of genus g > 2 over Ok- Let S be the subset of 
Spec(Oft:) \ {0} such that P E S if and only if the stable model of the geometric fiber Xp at 
P is a tree of stable components. Then, we have 

K/o. • <oJ > E I ^^0^^^) + E (^^^^ - 1) 6.{Xp) I log#(0;,/P). 
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6. Generalization to higher dimensional fibrations 



In this section, we consider a generalization of Corollary |2.5| to higher dimensional fibra- 
tions. 

First of all, let us recall the definition of semistability of vector bundles. Let be a 
smooth projective variety of dimension d over /c, and Hi, . . . ,Hd-i ample line bundles on 
V. A vector bundle EonVis said to be semistable with respect to Hi, . . . , H^-i if, for any 
non-zero subsheaves G oi E, 

{ci{G)-Ci{Hi)---ci{H,_i)) ^ {ci{E)-ci{Hi)---ci{Hd-i)) 
rkG - I'kE 

Let / : X — > y be a surjective and projective morphism of quasi-projective varieties over k 
with dim f = d > 1. Let Hi, . . . , H^-i be line bundles on X and E a vector bundle on X of 
rank r. Then, {{2rc2{E) — (r — 1)ci{EY) • Ci{Hi) ■ ■ •ci^H^^i)) fl [X] is a cycle of dimension 
dimy - 1 on X. Thus, /, (((2rc2(^) - (r - l)ci{EY) ■ Ci{Hi) ■ ■■ci{Hd-i)) n [X]), denoted 
by disx/y (-E-; Hi, . . . , Hd-i), is a divisor on Y . Then, we have the following theorem. 

Theorem 6.1 (char(A;) = 0). We assume that Y is smooth over k and Hi, . . . ,Hd~i are 
ample. If y is a point of Y , f is smooth over y, and Ey is semistable with respect to 
{Hi)y, . . . , {Hd-i)y on each connected component of the geometric fiber Xy over y, then the 
discriminant divisor disx/y (-E; Hi, . . . , H^-i) is weakly positive at y. 

Proof. We prove this theorem by induction on d. If d = 1, then our assertion is nothing 
more than Corollary |2.5| . So we assume d > 2. We choose a sufficiently large integer n so 
that iff^-^ is very ample, i.e., there is an embedding t : X with ^ t*(Cpiv(l)). 

By Bertini's theorem, we can find a general member F G |(9piv(l)| such that X fl F is 
integral and f~^{y) fl F is smooth. We set Z = X fl F and g = f\^ : Z ^ Y . Since n is 

sufficiently large, g~^{y) G Hff^^\^_^i^^^ and g^^{y) is smooth, by virtue of [|l^. Theorem 3.1], 
E\zy is semistable with respect to , . . . , ifrf_2|^_ on each connected component of Zy. 

Therefore, by hypothesis of induction, d\sz/Y{E\^ ; Hi\^ , . . . , Hd-2\z) is weakly positive at 
y. On the other hand, we have 



disz/riElz ; Hi\^ ,. . . , Hd-2\z) = disx/y(-E'; Hi, . . . , Hd-2, H[ 



071 ^ 
d-l/ 



= ndisx/Y{E;Hi, . . . ,Hd-i). 
Hence, dis^/y Hi, . . . , H^-i) is weakly positive at y. □ 

7. Relative Bogomolov's inequality in positive characteristic 



In this section, we will consider a similar result of Corollary |2.5| in positive characteristic. 
The crucial point of the proof of Corollary |2]^ is the semistability of tensor products of 



semistable vector bundles, which was studied by a lot of authors [0], 0, 10, ITTl and etc. 
This however does not hold in positive characteristic ||^, so that we will introduce the strong 
semistability of vector bundles. 

Let C be a smooth projective curve over k. For a vector bundle F on C, we set ^{F) = 
deg(F)/ rk(F), which is called the slope of F. A vector bundle on C is said to be semistable 
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(resp. stable) if, for any proper subbundles F of E, fi{F) < fi{E) (resp. fi{F) < fi{E)). 
Moreover, E is said to be strongly semistable if, for any finite morphisms tt : C C of 
smooth projective curves over k, t^*{E) is semistable. Then, we have the following elementary 
properties of semistable or strongly semistable vector bundles. 

Proposition 7.1 (char(A;) > 0). Let E be a vector bundle of rank r on C. 

(1) Let Ti : C —* C be a finite separable morphism of smooth projective curves over k. If E 
is semistable, then so is ti*{E). 

(2) Under the assumption of char(A;) = E is semistable if and only if E is strongly 
semistable. 

(3) Let f : P = Proj (0^=o Sym'^(^)) ^ C be the projective bundle of E and Op{l) the 
tautological line bundle on P. Then, E is strongly semistable if and only if ujf^J^ = 
Op{r) ® /*(det£')®~^ is numerically effective. 

Proof. (1) is nothing more than 0, Lemma 1.1] and (2) is a consequence of (1). 

(3) First we assume that E is strongly semistable. Let Z be any irreducible curves on P. 
If Z is contained in a fiber, then obviously (i^p/^ ■ Z) > 0. So we may assume that Z is not 
contained in any fibers. Let C be the normalization of Z and vr : C" — > Z — > C the induced 
morphism. Let E' = 7i*{E), f : P' = Proj (0^=o Sym™(E')) ^ C the projective bundle of 
E' , and Opi{l) the tautological line bundle on P' . Then we have the following commutative 
diagram. 

P P' 
f f 

c < — c 

By our construction, there is a section Z' of /' such that 7i'(Z') = Z. We set Q' = Opi{l)\^,. 
Then, there is a surjective homomorphism E' — > Q' . Since E' is semistable, we have fi{E') < 
deg(Q'), which means that {u!p~^^, ■ Z') > 0. Here, up'/c' = 7i'*{up/c). Thus, we get 
(a;|/-^i ■Z)>0. 

Conversely, we assume that ujpj'^ is numerically effective on P. Let vr : C" ^ C be a finite 
morphism of smooth projective curves over k. We set f : P' ^ C and tc' : P' ^ P as 
before. Then, 'jJ%7j)j, = '^'*{^pjc) is numerically effective on P'. Let Q be a quotient vector 
bundle of E' = 7t*{E) with s = ikQ. The projective bundle Proj (0~=o Sym™(Q)) ^ C 
gives a subvariety V of P' with deg(Q) = (Op'(l)' ■ V) and {Op^iy-^ ■ F' ■ V) = 1, where 
F' is a fiber of /'. Since cUpy^, is numerically effective, 

0< {iOp>{r) f'*{det E')-y ■ V) = r'-\r deg{Q) - s deg{E')) . 

Thus, n{E') < fi{Q). □ 

First, let us consider symmetric products of strongly semistable vector bundles. 

Theorem 7.2 (char(fc) > 0). If E is a strongly semistable vector bundle on C, then so is 
Sym"(E) for alln>0. 
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Proof. Taking a finite covering of C, we may assume tfiat deg{E) is divisible by rk E. Let 

dcg( E) 

^ be a line bundle on C with deg(6') = 1. If we set Eq = E®6® then deg(£'o) = and 

Sym"(i?o) = Sym"'(i?) 06'® Thus, to prove our theorem, we may assume deg(£') = 0. 

We assume that Sym"(£') is not strongly semistable for some n > 2. By replacing C 
by a finite covering of C, we may assume that Sym"'(£') is not semistable. Let f : P = 
Proj Sym"(£^)) — > C be a projective bundle of E and Cp(l) the tautological line 

bundle on P. Let F be the maximal destabilizing sheaf of Sym"(i?). In particular, F is 
semistable and fi{F) > 0. We consider a composition of homomorphisms 

a:r(F)-^r(Sym"(E))-^Op(n). 

Since /*(«) induces the inclusion F — > Sym"'(£'), a is a non-trivial homomorphism. 

Fix an ample line bundle A on C. Let / be a positive integer with lfi{F) > n{r — 1) deg{A) 
and {l,p) = 1, where p = char(fc). Here we claim that Op{l) f*{A) is ample. Let V 
be an s-dimensional subvariety of P. By virtue of Nakai's criterion, it is sufficient to show 
(ci((9p(/) ® f*{A)y ■V)>0. If V is contained in a fiber, our assertion is trivial. So we may 
assume that V is not contained in any fibers. Then, 

(ci(Op(o ® nA)r ■ V) = i\c,{Op{i)r ■ v) + si'-\c,{Op{i)r-' ■ c^{nA)) ■ v). 

Since Op{l) is numerically effective on P by of Proposition |7]l|, {ci{Op{l)Y ■ V) > 0. 
Moreover, if x is a general point of C, 

{c,{Op{l)r-' ■ Ci(r(A)) ■ V) = deg(A) deg(l-|^_,(,)) > 0. 

Therefore, we get our claim. 

Thus, there is a positive integer m such that {O p{l) ® f* (A))'^"^ is very ample and (m, p) = 
1. Take general elements £>!,..., Dr-i of \{Op{l) ® f*{A))^"'\ such that L = Di n ■ ■ -nDr-i 
is a non-singular curve and /*(F)|p — > (9p(n)|p is generically surjective. If x is a general 
point of C, 

deg(r C) = (Z^i • ■ • ■ f-\x)) = m'^-i(ci(Op(/) ® /* (A))^'^ ■ f-\x)) = imiy-\ 

Thus, k(T) is separable over k{C) because (p, (miy^^) = 1. Hence, /*(F)|p is semistable by 
(H) of Proposition |7?l|. Therefore, 



<(ci(Op(n))-r), 



< {c^{Op{n))■c^{Op{l)^r{A)y 



(ci(r(F))-r) 

rkF 

which implies 

(ci(r(F))-ci(0p(/)0r(A)ri) 

rkF 

This gives rise to 

l"~'KF) <n(r-l)r-Meg(A), 
which contradicts to the choice of / with 1^{F) > n{r — 1) deg(y4). □ 
As a corollary of Theorem |7.2|, we have the following. 



Corollary 7.3 (char(/c) > 0). If E and F are strongly semistable vector bundles onC, then 
so is E ^ F. 
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Proof. Considering a finite covering of C and tensoring line bundles, we may assume tliat 
deg{E) = deg(-F) = as in tfie same way of tlie beginning part of the proof of Theorem [7.2[ 
Then, E (B F is strongly semistable. Thus, by Theorem [T^, Sym^(E © F) is strongly 
semistable. Here, 

Sjm\E ®F) = {E®F)® Sjm\E) © Sjm\F). 
Therefore, we can see that E ^ F is strongly semistable. □ 
Thus, in the same way as the proof of Corollary p.5| , we have the following. 

Corollary 7.4 (char (A;) > 0). Let X be a quasi-projective variety overk, Y a smooth quasi- 
projective variety over k, and f : X Y a surjective and projective morphism over k with 
dim / = 1. Let E be a locally free sheaf on X and y a point of Y . If f is flat over y, the 
geometric fiber Xy over y is reduced and Gorenstein, and E is strongly semistable on each 
connected component of the normalization of Xy, then disx/viE) is weakly positive at y. 



Appendix A. A certain fibration of hyperelliptic curves 

In this section, we would like to construct a certain fibration of hyperelliptic curves, which 
is needed in §|[ Throughout this section, we assume that char(/c) = 0. 
Let us begin with the following lemma. 

Lemma A.l. For non-negative integers ai and 02, there are a morphism fi : Xi Yi of 
smooth projective varieties over k, an effective divisor Di on Xi, a line bundle Li on Xi, 
and a line bundle Mi on Yi with the following properties. 

(1) dimXi = 2 and dimFi = 1. 

(2) Let Si be the set of all critical values 0//1, i.e., P E T^i if and only if fi^{P) is a 
singular variety. Then, for any P E Yi\T.i, fi^{P) is a smooth rational curve. 

(3) El 7^ 0, and for any P E Si, f^^{P) is a reduced curve consisting of two smooth 
rational curves Ep and Ep joined at one point transversally. 

(4) Di is smooth over k and /i|^^ : -Di — Yi is etale. 

(5) {Ep ■ Di) = fli + 1 and {Ep ■ Di) = 02 + 1 for any P G Si. Moreover, Di does not pass 
through E},nEj,. 

(6) There is a map a : Si ^ {1, 2} such that 



Di E 



(7) deg(Mi) is divisible by (ai + l)(a2 + !)■ 
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Proof. First of all, let us consider the function 9{x) defined by 

9{x)^{ai + a2 + l) f e'{t-iy^dt. 
Jo 



Then, 9{x) is a monic polynomial of degree oi + 02 + 1 over Q. Moreover, it is easy to see 
that 

9'{x)^{ai + a2 + l)x'''{x-iy\ 9{Q) ^ and ^(1) = (-l)«^(ai + 02 + 1) j^^^^^. 

(oi + 02)! 

Thus, there are distinct non-zero algebraic numbers cti, . . . , and . . . , Pai such that 

9{x) = x"'^~^^{x - ai) - ■ - {x - ttaj 

and 

9{x) - 9{1) = {x- ir+\x - 1 - A) • • • (a: - 1 - /?„J. 

Here we set 

F{X, Y) = = - aiY) ■■■{X- aa,Y) 

and 

G{X, y, S, T) = TF{X, Y) - 

Then, F is a homogeneous polynomial of degree ai-|-a2 + l over Q, and G is a bi-homogeneous 
polynomial of bi-degree (oi + 02 + 1, 1) in <Q[X,Y] ®q Q[5,T]. Let D' (resp. D") be the 
curve on '^]^xy) ^ '^\st) gi'^^n by the equation {G = 0} (resp. [Y = 0}), where ^^xy) ~ 
Proj(A;[X,F]j and Pfj^^ = Proj(A;[5, T]). Moreover, we set D = D' + D" . Let p : Pf^'y^ x 

^(5T) ^\xY) ^^"^ 5 • -'^(xy) ^ ■'^(ST) ^ ^(5T) natural projections. Then, (resp. 

D") is an element of the linear system |p*(Opi(ai + a2 + 1)) g*(Cpi(l))| (resp |p*(Cpi(l))|). 
Thus, D e \p*{0^i{a^ + a2 + 2)) ® 5*(e)pi(l))|, {D' ■ D") = 1 and D' n = {((1 : 0), (1 : 
0))}. Here we claim the following. 

Claim A. 1.1. (a) D' is a smooth rational curve. 
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(b) Let tt' : D' — > ^^st) morphism induced by the projection q : V'^xy) ^ ^Ist) ~^ 

Fls^^y If we set Q, = ((0 : 1), (0 : 1)), Q2 = ((1 : 1), (^(1), 1)) and Qs = ((1 : 0), (1 : 
0)), then the set of ramification points of it' is {Qi,Q2,Q3}- Further, the ramification 
indexes at Qi, Q2 and Q3 are ai + 1, 02 + 1 and ai + a2 + 1 respectively. 

Proof, (a) Since F{X, Y) has no factor of Y, the morphism e : P^^y) ~^ ^' given by 

e(x:y) = ((x:y),(F(x,y):y«i+«^+^)) 

is well defined. Moreover, if we set e' = p\jy,, then it is easy to see that e ■ e' — ido' and 
e' ■ e — idpi . Thus, D' is a smooth rational curve. 

(b) Pick up a point (A : /x) e Pfcj-r). Then, G(^x,n) = I^F{X,Y) - y«i+«2+iA is a homoge- 
neous polynomial of degree ai + a2 + 1. 

First, we assume that 7^ 0, hence we may assume that = 1. Then, Y is not a factor of 
G^x^i){X,Y), which means that 7r'~^((A : 1)) sits in the affine open set Spec{k[X/Y, S/T]). 
Thus, 

7r'-^((A:l)) = {((7:l),(A:l))|e(7)-A = 0}. 

Hence, in order to get ramification points of tt', we need to see multiple roots of (f){x) = 
6{x) — A. Here we will check that 0(a;) has a multiple root if and only if A is either or 
0{1). Moreover, if A is (resp. ^^(1)), then (resp. 1) is the only multiple root of (j){x) with 
multiplicity oi + 1 (resp. a2 + 1). 

Let 7 be a multiple root of 4>{x) — 0. Then, 0(7) = (/)'(7) = 0. Here, 

0'(a;) = (al + a2 + l)x"^(x-l)"^ 

Thus, 7 is either or 1. If 7 = 0, then A = ^(0) = 0. If 7 = 1, then A = ^(1). In the same 
way, we can easily check the remaining part of our assertion. 

Therefore, we get two ramification points Qi and Q2 whose ramification indexes are oi + 1 
and 02 + 1 respectively. 

Next, we assume that = 0, hence we may assume A = 1. Then, G(A,/i) = — 
Thus, P3 is a ramification point whose ramification index is Oi + a2 + 1. □ 

Here we set Pi — q{Qi) {i — 1, 2, 3), bi — ai + 1, 62 = 02 + 1, and 63 = oi + 02 + 1. 

Claim A. 1.2. There is a cyclic covering /ii : li — > ^^st) of smooth projective curves such 
that deg{hi) = 6162&3 and that, for any i — 1,2,3 and any P e hi^{Pi), the ramification 

index of hi at P is hi. 

Proof. Since 6162 + ^2^3 + b^bi < 3&1&2&3, there is an effective and reduced divisor d on 
^(5T) such that Pi ^ Supp((i) for each i = 1, 2, 3 and 

b2b3Pi + 63^1^2 + bib2P3 + de \Opi{3bib2bs)\ . 

Let w be a section of (36162&3)) with div(w) = 62&3^i + fe3fei^2 + &i&2^3 + d. Then, 

w gives rise to the ring structure on 0^io^^'^^ Opi{—3i). Let Yi be the normalization of 

Spec Cpi(-3i) 

\ i=0 



RELATIVE BOGOMOLOV'S INEQUALITY 29 

and hi : Yi ^ the induced morphism. Then, by our choice of w, it is easy to see that 
hi : Yi ^ satisfies the desired properties. □ 

Let pi : Pj^ X Fi ^ P^^ y) ^^'^ Qi • y) ^ be the natural projections, and 

ui — id xhi : P(xy) x Fi ^ ^Ixy) ^ ^(5t)- Then, we have a commutative diagram: 



We set hi\Pi), hi\P2) and hi'^iP^) as follows. 

^r^(-Pl) = {-Pl,l;--- 5-^1,6263}) 
hi ^(P2) = {-^2,1, • • • , PlMbi}^ 
hi ^{Ps) = {-^3,1, • • • , -P3,6i62}- 

Then, there is a unique Qij on P^^y) ^ ^1 with qi{Qij) = Pij and Ui{Qi j) = Qi. 

Claim A. 1.3. (a) ul{D) is etale overYi outside {Qij}ij- In particular, ul{D) is smooth 
over k outside {Qij}ij- 
(b) // we set Ci — ai + 1, C2 — a2 + 1 and C3 = Oi + 02 + 2, then ul{D) has an ordinary 
Ci-fold point at Qij for every i,j. Moreover, each tangent of u\{D) at Qij is different 
from the fiber gf^(Pij). 

Proof, (a) is trivial because : D — > P^^^^) is etale outside {Qi, (52, Qa}- Since 
ul{D") — ^^''"((1 : 0)), in order to see (b), it is sufficient to check the following. ul{D') 
has an ordinary 6j-fold point at Qi j for every i,j. Moreover, for i=l,2, each tangent of 
ul{D') at Qij is different from the fiber q^^(Pij), and each tangent of ul{D') at Qsj is 
different from the fiber q^^{Psj) and Pi^{{l ■ 0)). 

First we assume i — 1. Let 2; be a local parameter of Yi at Pij, x — X/Y. and s — S/T. 
Then, (x, z) gives a local parameter of ^]^xy) ^ -^i Q^,3- Since s — v{z)z'^'^^^ for some v{z) 
with v(0) ^ 0, ul{D') is defined by 

-ai)---{x- q;„J - v{z)z''^^^ = 

around Qi,j. Thus, since ai • • ■ 7^ 0, Qij is an ordinary (ai + l)-fold point and each 
tangent is different from {z = 0}. 

Next we assume i = 2. Let 2; be a local parameter of Yi at P2J, x' = X/Y — 1, and s' — 
S/T — 6(1). Then, (x', z) gives a local parameter of P^^ y) ^ ^1 (52,j- Since s' = v{z)z°''^^^ 
for some ^(z) with v(0) 7^ 0, rti(-D') is defined by 



Uc [X 



around Q2,j- Thus, we can see our assertion in this case because Pi ■ ■ ■ Pai 0- 

Finally we assume that i = 3. Let 2; be a local parameter of Yi at P3J, y — Y/X, and 
t = T/S. Since t = 't;(^)^"i+"2+i foj- go^e v{z) with t;(0) 7^ 0, u\{D') is defined by 

- aiy) •••(!- Q;„,y) - y^^+^^+i = 
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around Qaj. Thus, Q^j is an ordinary (ai + 02 + l)-fold point and each tangent is different 
from {z = 0} and {y = 0}. □ 



(^■^Y) ^ ^1 be blowing-ups at all points Qij, and Eij (— l)-curve over Qij. 



Let /ii : Zi ^ P, 

Let Di be the strict transform of ul{D) by and gi = gi -/ii. Then, by the previous claim 
Di is etale over Yi and 



/xIbt(Opi(l)))' 



5ai+a2+2 



5Z ^^^M ) 



Let Fj be the strict transform of the fiber Qi^iPsj)- Note that Fj fl Z^i = for all j. Since 
Fj's are (— l)-curve, we can contract them. Let ui : Zi Xi be the contraction of Fj^s, and 
fi : Xi Yi the induced morphism. 



pi ^ ml ( "1 pi 
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pi 

(S,T) 



hi 



Yi 



Here we set Di = Li = (1))))**, and 



Then, since {i^i) ^gHhHOpi (1)))) = A*(/it(Opi (1))) and (z/i)*(^3,,) = /rl^a,,) for all j, we 
can see 

/ 



l+a2+2 



\ 



i=l,2, 



Therefore, by our construction of /i : Xi — > Fi, Di, Li and Mi, it is easy to see all properties 
(1) — (6) in Lemma [A.l| . □ 



Proposition A. 2. Let g and a be integers with g > 1 and < a < [g/2]. Then, there are 
a smooth projective surface X over k, a smooth projective curve C over k, and a surjective 
morphism f : X Y over k with the following properties. 

(1) The generic fiber of f is a smooth hyperelliptic curve of genus g. 

(2) / is not smooth and every fiber is reduced. Moreover, every singular fiber of f is a 
nodal curve consisting of a smooth curve of genus a and a smooth curve of genus g — a 
joined at one point. 



Proof. Applying Lemma |A.1| to the case where Oi = 2a and a2 = 2g — 2a, we fix a conic 



fibration as in Lemma [A .11. Adding one point to Si, if necessarily, we can take an effective 



and reduced divisor d on Yi such that Si C Supp((i) and deg{d) is even. Thus, there is a 
line bundle on Yi with Oy^id) ~ -(9®^, which produces a double covering h2 : Y Yi oi 
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smooth projective curves such that /12 is ramified over Si. Let /i2 : X2 Xi Xy^ Y he the 
minimal resolution of singularities of Xi Xy^ Y. We set the induced morphisms as follows. 



X, X2 



h 



Y, 



h2 



Y 



Let E2 be the set of all critical values of /2. Here, for all Q G E2, /2 ^{Q) is reduced, and 
there is the irreducible decomposition f2^{Q) = Eq + Eq + Bq such that U2{Eq) = Ej^^^Q^ 
for i = 1,2 and Bq is a (— 2)-curves. Wc set D2 = U2{Di) and B = X]QeS2 ^Q- Then, D2 is 
etale over Y and D2 + B is smooth over k because D2 H B = 0. Moreover, 



D2 e 



f;mM^)) ® Ox, (^-u*2 Yl ^MP) + j 



Let (72 : E2 — > {1, 2} be the map given by (T2 = cr • /i2- Then 



Ur, 



,a(P) 



E 



>..(Q) + l)(2<''^ + i?Q). 



Therefore, 



Do + B e 



u. 



Here, since deg(/i2(-M'i)) = 2deg(Mi), h^iMi) is divisible by 2 in Pic(y). Further, is even 
for each i — 1,2. Thus, 

\ QGE2 

is divisible by 2 in Pic(X2), i.e., there is a line bundle H on X2 with 



Hence, we can construct a double covering : X3 — X2 of smooth projective surfaces such 
that is ramified over D2 + B. Let /a : X3 — > F be the induced morphism. Then, there is 
the irreducible decomposition 

f-\Q) = CQ + cl + 2BQ 

as cycles such that /X3(Cq) = {i — 1,2) and jiziBq) — Bq. Here it is easy to check that 
Bq is a (— l)-curve. Thus, we have the contraction i/3 : X3 — > X of -Bq's, and the induced 
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morphism f : X Y. 



U2 



Xo 



MS 



X, 



/l 



/2 



h 



Y 



Y 



X 



Y 



We denote vz{Cq) by C^. Then, (resp. C^) is a smooth projective curve of genus a 
(resp. ^ - a), (C^ ■ C^) = 1, and /"^(Q) = + C^. Thus, / : X F is our desired 
fibration. □ 

In the same way, we can also show the following proposition. 

Proposition A. 3. Let g and a be integers with g > 1 and < a < [{g — l)/2]. Then, 
there are a smooth projective surface X over k, a smooth projective curve C over k, and a 
surjective morphism f : X Y over k with the following properties. 

(1) The generic fiber of f is a smooth hyperelliptic curve of genus g. 

(2) / is not smooth and every fiber is reduced. Moreover, every singular fiber of f is a nodal 
curve consisting of a smooth curve of genus a and a smooth curve of genus g — a — 1 
joined at two points. 



Proof. Applying Lemma |A.1| to the case where ai = 2a + 1 and a2 = 2(yf — 2a — 1, we fix 



a conic fibration as in Lemma [A.l| . In this case, deg(Mi) is even. Thus, 




is divisible by 2 in Pic(Ai). Therefore, there is a double covering : A — > Ai of smooth 
projective surfaces such that /is is ramified over Di. Then, the induced morphism / : A — Yi 
is a desired fibration. □ 



References 

[1] F. A. Bogomolov, Holomorphic tensors and vector bundles on projective varieties, Math. USSR-Izv., 13 
(1978), 499-555. 

[2] J.-B. Bost, Semi-stability and height of cycles, Invent. Math., 118 (1994), 223-253. 

[3] M. Cornalba and J. Harris, Divisor classes associated to families of stable varieties, with application to 

the moduli space of curves, Ann. Sclent. Ec. Norm. Sup., 21 (1988), 455-475. 
[4] P. Deligne and D. Mumford, The irreducibility of the space of curves of given genus, Publ. Math. IHES, 

36 (1969), 75-110. 

[5] W. Fulton, Intersection Theory, Ergebnisse der Mathematik und ihrer Grenzgebiete, 3. Folge, Band 2, 
(1984), Springer- Verlag. 

[6] D. Gieseker, Stable vector bundles and the Frobenius morphism, Ann. Sclent. Ec. Norm. Sup., 6(1973) 
95-101. 

[7] D. Gieseker, On a theorem of Bogomolov on Chern classes of stable bundles, Amer. J. Math., 101 (1979), 
79-85. 

[8] R. Hartshorne, Ample vector bundles on curves, Nagoya Math. J. 43 (1971) 73-90. 
[9] J. -P. Jouanolou, Thcoremes de Bertini et Applications, Birkhauser (1983). 
[10] F. Knudsen and D. Mumford, The projectivity of the moduli space of stable curves, I: Preliminaries on 
"det" and "Div", Math. Scand. 39 (1976), 19-55. 



RELATIVE BOGOMOLOV'S INEQUALITY 



33 



[11] M. Maruyama, The theorem of Grauer-MuHch-Spindler, Math. Ann. 255 (1981), 317-333. 

[12] Y. Miyaoka, The Chern Classes and Kodaira Dimension of a Minimal Variety, Advanced Studies in 

Pure Mathematics 10, 1987, Algebraic Geometry, Sendai, 1985, 449-476, Kinokuniya. 
[13] A. Moriwaki, Arithmetic Bogomolov-Gieseker's inequality, Amer. J. Math. 117 (1995), 1325-1347. 
[14] A. Moriwaki, Bogomolov conjecture over function fields for stable curves with only irreducible fibers, 

Comp. Math. 105 (1997), 125-140. 
[15] A. Moriwaki, Bogomolov conjecture for curves of genus 2 over function fields, J. Math. Kyoto Univ. 36 

(1996), 687-695. 

[16] A. Moriwaki, A sharp slope inequality for general stable fibrations of curves, J. reine angew. Math. 480 
(1996), 177-195. 

[17] D. Mumford, Stability of projective varieties, L'Enseignement Math., 23 (1977), 39-110. 

[18] A. Paranjapc and S. Ramanan, On the canonical ring of an algebraic curve, Algebraic Geometry and 

Commutative Algebra in Honor of Masayoshi NAGATA, vol. II (1987), 501-516. 
[19] E, UUmo, Positivite et discretion des points algebriques des courbes, preprint. 
[20] G. Xiao, Fibred algebraic surfaces with low slope. Math. Ann., 276 (1987), 449-466. 
[21] S. Zhang, Admissible pairing on a curve, Invent. Math., 112 (1993), 171-193. 

Department of Mathematics, Faculty of Science, Kyoto University, Kyoto, 606-01, Japan 
E-mail address: moriwaki@kusm.kyoto-u.ac.jp 



